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Several types of discrete physical systems are characterized by difference equa- 
tions. An often used mathematical model of discrete systems is that of a continuous 
mapping function T: Iw” + iw”, where x, + , = T(x,), i = 0, 1, In the analysis and 
design of discrete systems, global asymptotic stability is an important consideration. 
For some related discussion see J. P. La Salle [l, pp. 20, 211. 
In this paper two theorems on global asymptotic stability are proven. The first 
theorem given below supplies the answer to the unknown system stability 
mentioned in [2, p. 1881. The special case of the theorem, where T’(x) is a linear 
transformation has been proved in 131. (0 1989 Academic Press, Inc. 
1. GLOBAL STABILITY 
THEOREM 1. Suppose a continuous map T: KY’ -+ R” such that TE C’ and 
T(0) = 0. Zf 11 T’(x)/1 < 1, x # 0, then Vx E R”, T’(x) -+ 0 as i + 00. 
ProojI For x E R”, the chain rule provides 
d 
$ T(Ax)=- 
d(lx) 
T(Ax) . x. 
Integrating over [O, 11, 
T(x) = Jb’ T’(;lx) .x d/l, 
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since T(0) = 0. Taking the norm of both sides 
II Tb)ll G 
( 
s,’ II V~x)ll m) IIXII. 
Breaking the interval into two parts and using the maximum value of 
(I T’(Ax)lj in the first part obtains 
lle)ll G j6 d + s,’ IIT’(~ di) IIXIL 
( 0 
where 0 < 6 < 1. Since [S, 1 ] is compact, 
max {IIT’(Lx)ll} 
iE[&l] 
and therefore 
II WN < (6 + 8(1 - 6)) llxll < IIXII. 
Define ri= IIT’(x)l(, i= 0, 1, . . . . The sequence {ri} is monotonically 
decreasing as i + co. Suppose ri + r # 0 as i + a. There exists a point y 
such that y E S(0, r) and a subsequence of (T’(x)} such that 
T’/(x) + y, 
where S(0, r) is an n-dimensional sphere centered at 0 and radius r. Since 
T is continuous 
T( T’l(x)) + T(y). 
The sequence 
T( T’/(x)) = T’l+ ‘(x) 
is a subsequence of { Ti(x)} and therefore 
11 TG+ ‘(x)11 = ri,+ , + r. 
However, 
IITG+‘(x)ll -, IlT(~)ll < IIAI =r. 
Since this is a contradiction r = 0 which completes the proof. 
The condition 11 T’(x)\1 < 1, x # 0, in Theorem 1 is not necessary for the 
convergence of T’(x). Consider the example 
T(x) = x( 1 - 05”). 
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The derivative of T(x) is 
T’(x)= 1-0.5(x+ l)e’ 
which does not satisfy II T’(x)11 < 1 for all x. However, for all real X, 
T’(x)+0 as i-, 03. 
2. GENERAL GLOBAL STABILITY 
The condition for convergence in Theorem 2 includes the behavior of the 
T(x) illustrated in the foregoing example. 
THEOREM 2. Suppose a continuous map T: R” -+ R” such that TE C’ and 
T(0) = 0. Set 
A = {xl II T(x)ll < IL-4 > 
B= (4 IIT(x)ll b llxll >. 
1. A is invariant under T, T(A) c A, and 
2. Vb E B, 3 a positive integer i(b) 3 T’@)(b)E A then Vx E KY’, 
T’(x)--+0 as i+ co. 
Proof: Since Vx E R” 3 a positive integer i(x) 3 T”“‘(x) E A, we assume 
that the initial point x E A without loss of generality. Suppose the limit set 
of the sequence T’(x) as i-i co is L(x). Define ri = IIT’(x) Since ri is 
monotonically decreasing, ri --f r > 0. Suppose r > 0 and L(x) n A # 0. 
Since L(x) c S(0, r), 3a E L(x) n A and a subsequence of T’(x) such that 
However, 
T[ TG(x)] = T++‘(x) + T(a). 
Since both 
ril+ I + II T(a)ll < II4 = r, 
we have a contradiction. Therefore suppose L(x) n A = 0, that is L(x) c B. 
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Let b E L(x). There exists a positive integer i(b) 3 
T’@‘(b) E A. 
Since A is invariant under T, 
Ticb)+ ‘(b) E A 
and 
II T i(b)+ ‘(b)ll < IIT”“(b)\l. 
Since Ticb’(b) and T i(b)+ l(b) belong to L(x) c S(0, r), this is a contradic- 
tion. Therefore the assumption r > 0 is not possible and r = 0. 
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